We propose a generalization of the Bagger-Lambert-Gustavsson action as a candidate for the description of an arbitrary number of M2-branes. The action is formulated in terms of N = 2 superfields in three dimensions and corresponds to an extension of the usual superfield formulation of Chern-Simons matter theories. Demanding gauge invariance of the resulting theory does not imply the total antisymmetry of the underlying 3-Lie algebra structure constants. We relax this condition and propose a class of examples for these generalized 3-Lie algebras. We also discuss various associated ordinary Lie algebras.
Introduction
Inspired by the results of [1] , Bagger and Lambert [2, 3, 4] and Gustavsson [5, 6] constructed a theory which they conjectured to describe stacks of M2-branes, analogously to maximally supersymmetric Yang-Mills (SYM) theory describing the low-energy effective theory of multiple D-branes. The theory is an N = 8 supersymmetric Chern-Simons matter theory living on a three dimensional Minkowski space. The no-go theorem for the construction of such theories [7] is circumvented by replacing the gauge algebra structure by a so-called 3-Lie algebra. Later on, it has been shown [8] that there exists a procedure 1 which can be interpreted as compactifying a transverse direction on a circle and which reduces the Bagger-LambertGustavsson (BLG) theory to the corresponding action on multiple D2-branes plus corrections in 1 g YM ; this confirmed the original interpretation of BLG. Since its construction, this model has received a great deal of attention. A serious shortcoming was however encountered soon: the only 3-Lie algebra with positive definite metric which reduces to super Yang-Mills theory with gauge group U(N ) is -in the classification of [11] -A 4 , as was shown in [12] ; see also [13, 14, 15, 16] . The BLG theory with this 3-Lie algebra describes two M2-branes according to the interpretation of [8] . Thus, it seems that the structure of a 3-Lie algebra has to be generalized to accommodate stacks of more than two M2-branes. Various generalizations have been proposed in the literature and we discuss them in section 2.3. The most prominent modification introduces ghosts into the theory and after removing them, one is left with the ordinary N = 8 SYM theory on Ê 1,2 [17] , which is not the M2-brane theory one would expect.
In this paper, we try to formulate a BLG-like theory using the N = 2 superspace extension of Ê 1,2 ; for previous work in a similar direction see [18] and also [19] . Our goal is to write down a fully supersymmetric theory which makes use of a triple bracket [ · , · , · ] : A × A × A → A on a vector space A. In contrast to the BLG theory, we do not demand this bracket to be totally antisymmetric. However, we demand that the kinetic term for the gauge potential be of the same Chern-Simons form as in the BLG theory. We then impose the minimal constraints on the triple bracket to achieve gauge invariance of our theory. The result is indeed a generalization of the concept of a metric 3-Lie algebra. We briefly review 3-Lie algebras and the BLG theory in section 2 before we write down a new superfield action in section 3. In this section, we also derive the component action and its equations of motion, and discuss some of the model's properties. Section 4 deals with generalized 3-Lie algebras: After giving the definition, we present a class of examples and discuss possible reduction mechanisms to ordinary Lie algebras. We conclude with section 5.
The BLG theory
First, we will briefly recall the definition of metric n-Lie algebras as introduced by Filippov in [11] , of which ordinary Lie algebras (n = 2) and the 3-Lie algebras appearing in the BLG theory are special cases. We then review the Bagger-Lambert-Gustavsson (BLG) theory, which was essentially developed in the papers [2, 3, 4] and [5, 6] . Also, we summarize some drawbacks of the conventional formulations of the theory. These motivate us to introduce a generalized 3-Lie algebra and a gauge theory Lagrangian based on it.
Reminder: n-Lie algebras
Definition. Given a -module A, define a (complex) n-Lie algebra [11] as an algebra with an n-ary map [ · , . . . , · ] : A n → A such that:
(a) [ · , . . . , · ] is totally antisymmetric, i.e.
[τ 1 , . . . ,
Simple examples are given by the n-Lie algebras [11] A n+1 , n ∈ AE: Consider an n + 1-dimensional complex vector space V with an orthonormal basis (e µ ) and define the n-ary product [x 1 , . . . , x n ], x µ ∈ V as the determinant of the matrix (x 1 . . . x n e). In particular, the algebra A 4 has attracted much attention recently in the following form: Let A be spanned by the four-dimensional γ-matrices 2 (γ µ ) and let γ 5 = γ 1 . . . γ 4 . One can define a triple product
which makes A into a 3-Lie algebra isomorphic to A 4 , as one readily checks. For simplicity, let us now restrict to the case of 3-Lie algebras, although most of the notions readily generalize to arbitrary n-Lie algebras. A submodule I ⊂ A is called an ideal, if for all i ∈ I, a, b ∈ A, the product [i, a, b] is again in I. A 3-Lie algebra A is called simple, if A = 0 and A contains no ideals except for 0 and A. It is easy to see that the 3-Lie algebra A 4 is simple.
Let us now add more structure to the 3-Lie algebra. If A as a vector space is spanned by the basis (τ a ), then the triple product is completely encoded in the structure constants We can use this tensor to lift indices: f abce = h ed f abc d . If we require that the pairing is invariant under the transformations generated by the 3-bracket, i.e.
for all ρ a , τ a ∈ A, then f abcd is totally antisymmetric, see e.g. [15] . In terms of the structure constants, the fundamental identity (2.2) reads
and is related to contracted Plücker equations [15, 13] . Note that the structure constants of A 4 are given by f abcd = 4ε abcd . The representations of the n-Lie algebras A n have been studied in [20] ; further remarks on representation theory of 3-Lie algebras are found in [21] .
The Bagger-Lambert-Gustavsson theory
Consider a real 3-Lie algebra A of dimension k with generators τ a , a = 1, . . . , k, structure constants f abc d and a symmetric bilinear pairing ( · , · ) : A × A → Ê satisfying (2.6) and giving rise to a positive definite metric h ab = (τ a , τ b ). The field content of the BLG theory is given by eight scalar fields X Ia , I = 1, . . . , 8, transforming in the vector representation of SO(8) and world-volume Majorana spinors Ψ a having (suppressed) spinor indices of SO(1, 2) and SO (8) . Both take values in a 3-Lie algebra, as indicated by the index a. We work with the 32 × 32-dimensional, anticommuting gamma matrices (Γ µ , Γ I ), where we split the elevendimensional index into (µ, I) according to the branching SO(1, 10) ⊃ SO(1, 2) × SO (8) . The spinors are the Goldstinos of this symmetry breaking and thus satisfy Γ 012 ψ a = −ψ a . From the Majorana property, we obtainψ a = (ψ a ) T C, where C is the charge conjugation operator as described e.g. in appendix B of [22] . In addition, there is a gauge potential A µ ab = −A µ ba , yielding a covariant derivative
For future use, we associate a field strengthF µν a b to this potential:
The Lagrangian of the BLG theory takes the form [3]
(2.10)
We chose to give the Lagrangian in terms of the structure constants rather than the 3-bracket as in this way, we avoid any ambiguities in the treatment of the fermionic fields. The equations of motion to (2.10), which had been independently derived in [5] , are given by [3] 
The action arising from the Lagrangian (2.10) is invariant under the supersymmetries generated by δX
up to equations of motion; the corresponding supersymmetry algebra closes only on shell and requiring closure of this algebra is how the equations of motion were found in the first place.
Here, ε is a Majorana spinor corresponding to the 16 unbroken supersymmetries under the branching SO(1, 2) × SO(8) ⊂ SO(1, 10) and thus satisfies Γ 012 ε = ε. The action is simultaneously invariant under the gauge transformations of the form where tilded objects are defined as before, i.e. for exampleλ c d = f abc d λ ab . As one easily verifies, the gauge algebra closes. Note that in [3] , the fieldÃ µ a b was considered physical, and only the gauge transformations for this field were given. The transformation law we gave here for the field A µ ab is compatible with that ofÃ µ a b and the resulting gauge algebra closes again.
Since we also have δ(∇ µ X) a =λ c a (∇ µ X) c , gauge invariance of all terms except for the Chern-Simons term is evident. The latter is found to transform according to
This is the usual transformation law for Chern-Simons theory, and the gauge transformations produce a term containing a total derivative and a winding number term.
Shortcomings of the theory
Fixing one of the indices in the structure constants of a 3-Lie algebra A, one obtains the structure constants of the associated 2-Lie algebraÃ(a 0 ) [11] :
Due to the fundamental identity (2.7), the Jacobi identitỹ is automatically satisfied. This reduction can be implemented by a Higgsing procedure [8] which effectively reduces the BLG theory to a deformed version of the Yang-Mills theory describing the low energy effective action on multiple D2 branes, cf. section 4.3. It has been shown in [12] and later in [13, 14] that essentially the only 3-Lie algebra admitting u(N ) as its associated 2-Lie algebra is isomorphic 3 to A 4 . In this case, the Lie algebra obtained is su(2), asf abc = 4ε abc . This implies that -supposing the Higgsing procedure of [8] -the BLG theory can only describe a stack of two M2-branes. To extend to a description of more than two M2-branes, there are essentially two strategies: giving up total antisymmetry of the structure constants or giving up a positive definite metric. The first approach has been followed in [23] , where the BLG theory has been discussed in this more general setting on the level of equations of motion. The latter approach has been followed in [24] - [29] , see also [30] , and introduces ghosts into the theory. A detailed analysis of this situation can be found in [31] . The results of [17] seem to indicate, however, that after removing the ghosts, one arrives at maximally supersymmetric Yang-Mills theory in three dimensions and thus at exactly the low energy description of a stack of D2-branes. The absence of corrections shows that this is not the M2-brane theory one would hope for.
A third, more recently proposed variant is a reformulation of the BLG theory [32] as a U(N ) × U(N ) gauge theory. The latter seems particularly attractive, as it has been shown [33] that this theory is integrable.
Superfield formulation
In this section, we develop a superfield formulation of BLG-like actions. This formulation automatically gives us a manifestly N = 2 supersymmetric theory. The constraints we have to impose on the structure constants of the generalized 3-Lie algebra come from imposing gauge symmetry. We find that the structure constants do not have to be totally antisymmetric. Let us also stress that even with totally antisymmetric structure constants, our theory will differ from the BLG model.
Conventions
We follow closely the conventions of Wess and Bagger [34] . Three-dimensional N = 2 superspace can be obtained by the usual Kaluza-Klein dimensional reduction of ordinary, fourdimensional N = 1 superspace in the x 2 -direction, i.e.
We work with signature (−, +, +) and our ε-conventions read
The superspace Ê 3|4 has coordinates (x µ , θ α ,θα) with the usual reality condition thatθα = θ α . Also we use as a raising and lowering convention for spinor indices ψ α = ε αβ ψ β and ψ α = ε αβ ψ β as well as the shorthand notations θ 4 := θ 2θ2 , (θλ) := θ α λ α and (θλ) :=θαλα.
There is no longer a distinction between dotted and undotted indices in three dimensions, as all fermion fields are spinors of SL(2, Ê) and thus real; for convenience, we nevertheless 3 Evidently, a similar reduction process from a n + 1-algebra to a n-algebra can be defined. For the series An, this reduction always ends up with A4, as the structure constants are the n-dimensional epsilon-tensors.
use them in our formulas. Note, however, that we defined different conventions for the contraction of either barred or unbarred spinors. The coordinates on the chiral and anti-chiral superspaces are defined as
We use the superfield expansions with the gauge superfield in Wess-Zumino gauge as given in [34] . Note that bars are used instead of daggers to simplify notation:
As far as the 3-algebra structure is concerned, we assume that we have a real vector space A endowed with a triple bracket [ · , · , · ] : A × A × A → A and a symmetric, bilinear, positive definite pairing ( · , · ) : A × A → Ê. We assume that A is finite dimensional and can be spanned by the basis (τ a ), which defines the structure constants and the metric tensor as before:
No further constraints are imposed on the 3-algebra a priori.
The superfield action
Note that already in the paper [2] , the authors gave the following superspace Lagrangian for the ungauged theory:
where c 1 , c 2 are (real) constants. The body φ i of the superfield Φ i is identified with the linear combination X I + iX I+1 , where I = 2i − 1. In the following, we extend this superspace Lagrangian to incorporate a gauge theory. The N = 2 superfield Lagrangian for Chern-Simons theory is well known [35, 36] . This Lagrangian uses a formal parameter t, which is integrated over, and we fix the simplest possible t-dependence. For a discussion of more general choices, see [36] .
where the various products are defined as
The superpotential W(Φ) is a polynomial in Φ with indices fully contracted and constructed from the triple bracket and the metric. The term L CS ′ is responsible for cancelling couplings between the gauge and matter fields which go beyond the minimal possible coupling. This is a new feature of the gauge theory using the triple bracket. It is trivial to see that this term would vanish if the gauge algebra were an ordinary Lie algebra 4 . The Lagrangian is trivially supersymmetric, as all the summands are superfields and the full integral over the superspace has to transform into spacetime derivatives under supersymmetry transformations. We can thus focus on discussing the gauge invariance. In fact, not surprisingly, all the restrictions on the structure constants of the generalized 3-Lie algebra come from imposing gauge symmetry.
First of all, we want the covariant derivative to read as 9) and this is the reason for putting the exponential factor containing the vector superfield in the D-term on the right hand side of the scalar superfield in L M . To reproduce the appropriate kinetic terms for scalars and fermions, we have to impose the condition
This condition amounts to metric compatibility, cf. (2.6), and we will come back to this point. Note that this covariant derivative can be partially integrated:
We can now summarize the contributions of the various parts of the Lagrangian to the total action in terms of the component fields:
(3.12)
Constraints on the structure constants and gauge invariance
There are two constraints which we have to impose on the structure constants right away: First, we demand that under the gauge symmetries X → X + [a, b, X] generated by the 3-bracket, a 3-bracket of scalars should transform as a scalar. This amounts to the fundamental identity (2.7). Second, the scalar product ( · , · ) should be invariant under these symmetries, cf. (2.6). This implies that the structure constants are antisymmetric in their last two indices, the condition we stated above in eq. (3.10) for arriving at the desired kinetic terms for the matter fields.
One further constraint comes from gauge invariance. Consider the following gauge transformations:
exp(2iṼ 13) where Λ andΛ are chiral and antichiral superfields, respectively. Restricting supergauge transformations to those preserving the Wess-Zumino gauge, we obtainΛ = iλ. Note that we work with the conventionλ = −λ. We have then: Closure of the gauge algebra is again immediate and does not require any constraints on the structure constants. Gauge invariance of the action implies that the Chern-Simons term should transform according to
cf. (2.14). Here, the field strengthF νκ is defined in (2.9). For the transformation law (3.15), we needed the property f abcd = f cdab of the structure constants. Altogether, the total symmetry properties of the structure constants are
Using these relations and the fundamental identity, we can easily check the gauge invariance of the action, e.g.
The terms arising from the superpotential are gauge invariant, as long as all expressions are constructed from the pairing ( · , · ) and the three-bracket [ · , · , · ]. One should stress that the symmetry properties given above in (3.16) guarantee supersymmetry as well as gauge invariance of our action (3.7). These symmetry properties, however, are not sufficient to render the original BLG theory supersymmetric, while its gauge invariance is guaranteed by the fundamental identity and the metric compatibility condition.
Component action and equations of motion
Having fixed the symmetry properties of the structure constants f abcd to (3.16), we can integrate out the auxiliary fields D, σ, F i and λ α to arrive at the component action and determine the equations of motion. The Lagrangian then reads
Note that one has to fix a convention for how to treat fermionic fields and their interchange in a triple bracket. The bracket we use is independent of parity in the following sense:
Putting the superpotential terms to zero, we obtain the corresponding equations of motion:
Examples of the superpotential terms involving one triple bracket and yielding nontrivial contributions are
The first term reproduces the potential terms of the BLG theory; the second term evidently vanishes if the triple bracket is given by that of a 3-Lie algebra.
Reduced R-symmetry and generalizations
Rewriting the component action (3.18) using real scalar fields X I , one notices that the symmetry group SO(8) mixing the eight real scalar fields (as well as their fermionic superpartners) of the free action is broken by the matter field potential down to U(4). This is reminiscent of the case of N = 4 super Yang-Mills theory in four dimensions written in terms of N = 1 superfields, where the full R-symmetry group was only obtained since the couplings of the superpotential terms are tuned to a specific value. Let us therefore look more carefully at the superpotential terms at hand (3.21). The first term W α (Φ) breaks U(4) down to SU(4) × Z 2 and produces the BLG interaction terms which we know to be invariant under SO (8) . (All the indices I, J, K appearing after replacing φ i → X I + iX I+1 with I = 2i − 1 are contracted with δ IJ .) The second term W β (Φ), however, would break the R-symmetry group even more severely than the potential terms arising from integrating out the auxiliary fields D and σ: the (manifest) resulting subgroup would be SO(4). One easily verifies that adding arbitrary combinations of these superpotential terms to the action cannot restore the SO (8) An unlikely solution to the problem of restoring the full R-symmetry group might be a deformation of the D-term in the action, which corresponds to assuming that the target space of the M2-branes is not flat space but has a nontrivial Kähler potential. It is perceivable that a suitable deformation yields an enlarged R-symmetry group.
We should stress that after restricting to an ordinary 3-Lie algebra, our theory does not quite reproduce the BLG theory, but comes with additional terms in the potential, and thus the theories are necessarily different.
We have, however, quite an amount of freedom in deforming our theory. In particular, one could add a supersymmetric Yang-Mills-Higgs term. A theory containing both a topological term and a Yang-Mills terms usually has interesting duality properties and therefore one should certainly examine this deformation in more detail.
Generalized 3-Lie algebras
In this section, we formalize our findings from the previous section and introduce the notion of a generalized 3-Lie algebra. We also give a class of examples for this structure and discuss various reduction mechanisms, which allow for obtaining ordinary Lie algebras from the generalized 3-Lie algebras.
Definition
Our generalization of the notion of an n-Lie algebra essentially amounts to relaxing total antisymmetry of the structure constants: 2) invariance of the pairing or metric compatibility condition:
3) the additional symmetry property:
for all x, y, a, b, c ∈ A.
The first condition guarantees that a 3-bracket of scalars transforms as a scalar. The second property guarantees the invariance of the pairing (·, ·). The third property seems to be crucial in defining gauge invariant, supersymmetric actions as demonstrated above.
The pairing allows us to introduce a metric corresponding to a basis (τ a ) by 4) and, since the pairing is positive definite, we can raise and lower indices using this metric. Structure constants f abc d ∈ Ê are introduced as for 3-Lie algebras:
The conditions we imposed above on our generalized 3-Lie algebra with pairing can be reformulated using the structure constants. The fundamental identity reads as
and the remaining conditions are captured by the symmetry properties 
The generalized 3-Lie algebras C 2d
Let us now present a class of examples of generalized 3-Lie algebras which are motivated by the original 3-bracket in [5] . Consider the vector space V of Hermitian matrices of dimension 2d × 2d and define Γ ch = diag(½ n , −½ n ) ∈ V . Note that the vector space V splits into the direct sum V = V 0 ⊕ V 1 with
(4.8)
We take A = V 1 and, using the commutator [a, b] := ab − ba, define the ternary operation
A slightly tedious calculation shows that the fundamental identity (4.1) is satisfied. As the bracket is not totally antisymmetric in general, A satisfies only the requirements for being a generalized 3-Lie algebra. If we antisymmetrized the bracket (4.9), however, we would loose the fundamental identity.
We can evidently define a symmetric positive definite pairing on A by
which satisfies the compatibility condition (4.2):
as one readily verifies by a direct computation. We denote this generalized 3-Lie algebra A with the 3-bracket (4.9) and the pairing (4.10
Note that in the case of C 4 , we can restrict V 1 to the four-dimensional vector subspace spanned by the gamma matrices in four dimensions, upon which it turns into the 3-Lie algebra A 4 .
As a (real) basis for A, we can use products of odd numbers of gamma matrices
In this basis, the pairing in A reduces to the ordinary scalar product:
where A, B are ordered multi-indices. The expression δ AB vanishes, unless the indices contained in A are the same as the ones in B. Note that this Killing metric is positive definite. We can now define the structure constants
where A, B, C, D are multi-indices. The symmetry properties of the structure constants are summarized in
Note that with the basis (4.12), it is not difficult to see that C 2d is simple: Given two elements γ A and γ B of the basis of A, where A and B are multi-indices, it is always possible to find basis elements γ C and
Comments on the Higgs mechanism
To pass from a stack of M2-branes to a stack of D2-branes, it is necessary to compactify the target space of the theory along a transverse direction. In the paper [8] , a procedure for performing this reduction has been proposed. It is based on compactifying a transverse direction on a circle with radius R, which in turn is interpreted as fixing the value of the corresponding scalar field. By SO(8)-invariance, one can choose to fix 16) where R is the compactification radius, ℓ p the Planck length, g s and ℓ s the string coupling constant and the string length, respectively, and g YM the Yang-Mills coupling constant in the effective field theory on the D2-brane. This procedure, when applied to the BLG theory with a 3-Lie algebra given by the structure constants f abcd = ε abcd , results -according to [8] -in a theory which is a deformation of N = 8 SYM theory with gauge group SU(2) in three dimensions with the deformation parameter
. That is, in the strong coupling limit, both theories agree. The gauge algebra arises here by fixing one index of the 3-Lie algebra structure constant: ε abc = ε abc4 .
If the generalized 3-Lie algebra is a 3-Lie algebra, i.e. the structure constants are totally antisymmetric, this procedure applies also to our case with the Lagrangian (3.7). However, it should yield a different deformation.
Associated Lie subalgebras
Let us now study a similar procedure in the case of C 4 in more detail. We choose again the basis (4.12) and select τ H = γ 4 as the element with respect to which we want to reduce. Explicitly, our basis reads as
We have the pairing (τ A , τ B ) = 4δ AB and the non-vanishing structure constants of the form f ij41 read 5
Then the set of generators {γ 1 , γ 2 , γ 3 , iγ 5 γ 4 } spans a Lie subalgebra with respect to the bracket
Another way of identifying a labelled Lie subalgebra for a given element (the label) s in a generalized 3-Lie algebra is to find a maximal set of elements L s such that 
The associated Lie algebra by combination
Let us now associate a Lie algebra to a (generalized) 3-Lie algebra in a different way. Elements of A × A define a map φ : A → A
Note that φ (a 1 ,a 2 ) = −φ (a 2 ,a 1 ) and φ (a 1 ,a 1 ) = 0. We denote the set of all pairs in A modulo equivalence and triviality by B A . The commutator of two elements in B A is again in B A : (4.23) 5 We list only non-vanishing components up to obvious symmetries.
The associated Lie algebra B A 4 is spanned by pairs of γ-matrices and its bracket is easily computed:
Thus, B A 4 is isomorphic to the Lie algebra spin(4) ∼ = so(4). The fact that the family of generalized 3-Lie algebras C 2d is simple, implies that one can construct an associated Lie algebra by combination also in this case. Being simple translates here into two "fundamental actions" closing into a third one. That is, for any a 1 , b 1 , a 2 , b 2 , x ∈ A there are constants λ AB such that ,
Let us study the case C 4 in more detail. The basis we use is again the one given in (4.12). We associate a map φ : A → A to pairs of elements (τ A , τ B ) ∈ A 2 via
Thus, the nontrivial generators for the Lie algebra are (
) and taking the sum and the difference of these generators, we learn that the Lie algebra is so(4) plus 6 generators acting trivially in the representation given by the triple bracket. We can therefore associate them with additional u(1)-charges.
Remarks on further structures involving 3-brackets
In [23] , it was observed that the necessary condition for the closure of the SUSY algebra in the Bagger-Lambert theory is not the fundamental identity, but the weaker condition
which defines a weak 3-Lie algebra. This condition is equivalent to the fundamental identity for totally antisymmetric structure constants. In other cases, it allows for a trivial lift of a Lie algebra with some structure constantsf ij k to a 3-Lie algebra by defining
Such structure constants, however, cause problems in the Lagrangian formulation of the Baggert-Lambert theory and one has to work at the level of equations of motion [23] .
Note that a weak 3-Lie algebra does not always allow for an associated Lie algebra by combination. As an example, consider the algebra A generated by 5 elements τ a , the metric h ab = δ ab and the non-vanishing (and not totally antisymmetric) structure constants
The weak fundamental identity (4.29) is trivially satisfied. However,
and there are no λ ab such that λ ab φ (τ a ,τ b ) (τ 4 ) = τ 4 . In other words, the commutator of the actions of (τ 1 , τ 3 ) and (τ 1 , τ 2 ) cannot be represented by another pair action. Similarly, since the structure constants are not totally antisymmetric, it is clear that a Lie algebra by the usual reduction procedure can be constructed only for a small set of weak 3-Lie algebras.
A different class of ternary algebras is formed by the so-called Lie triple systems [37] . The 3-bracket [ · , · , · ] in such a system A satisfies (amongst others) the equation
Furthermore, the map [x, y, · ] : A → A with x, y ∈ A acts again as a derivation, i.e. it satisfies the fundamental identity. It is evident that a 3-Lie algebra with a totally antisymmetric 3-bracket satisfying (4.33) is trivial. Contrary to an ordinary 3-Lie algebra, a generalized 3-Lie algebra can in fact also be a Lie triple system, as the total antisymmetry yielding triviality is no longer present.
The classification of such Lie triple systems relies on embedding them into a 2 -graded algebra [37, 38] ; for more recent work see e.g. [39] .
Discussion and outlook
In this paper, we presented a Lagrangian of a new supersymmetric gauge theory which might be relevant to the description of a stack of multiple M2-branes. The theory was formulated using superfields and it has the same Lagrangian as the BLG theory up to additional potential terms for the matter fields. Demanding gauge invariance of the action imposed certain conditions on the involved structure constants f abcd , which led us to the concept of a generalized 3-Lie algebra. We gave a class of examples for such a generalized 3-Lie algebra and identified associated ordinary Lie algebras.
If we do not include the superpotential terms, the interaction terms for the matter fields (which differ from the BLG theory) still break the R-symmetry group from the original SO(8) of the BLG theory down to a subgroup. This fact might only be curable, however unlikely, by changing the Kähler potential of the target space, which is a rather drastic step. Although this feature is clearly a disadvantage of our theory compared to the BLG model, studying the action proposed in this paper might nevertheless tell us much about the uniqueness of supersymmetric 3-Lie algebra gauge theories.
Needless to say that there arise several directions for further research from our discussion. The first one concerns a detailed study of the extended supersymmetry and conformal invariance of the theory. The second direction is to examine the various deformations of our theory (as e.g. adding a Yang-Mills-Higgs term and choosing a nontrivial Kähler potential). A third point is to develop a general classification of generalized 3-Lie algebras, as it has been done for ordinary 3-Lie algebras and Lie triple systems, as well as to study the associated Lie algebra structures. The question of reduction and the Higgs mechanism is intimately related to this point. The fourth direction is certainly to study the quantum properties of our theory, as e.g. done in [40] for the BLG theory. This should be facilitated by having a superfield formulation at hand. In particular, it would be interesting to extract the restrictions on the choice of superpotential W imposed by demanding renormalizability. Eventually, there is also the very important question of integrability of the theory. Recall that the U(N ) × U(N ) gauge theory recently proposed in [32] has been shown to come with a dilatation operator linked to integrable spin chains [33] . A similar result for our theory would certainly be most desirable.
Note added. While this manuscript was being finished, the paper [41] appeared, in which the total antisymmetry of the 3-bracket was also relaxed.
An explicit embedding of SU (2) 
